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Abstract
The perfect image of a Tychonoff space X that is a result of the Souslin operation applied to
the resolvable sets of F. Hausdorff (called also H -sets) in any Tychonoff space containing X is of
the same descriptive type. This answers a question of R.W. Hansell since, within Tychonoff spaces,
it says that perfect mappings preserve scattered-K-analytic spaces. We get also a new proof of an
analogous fact for ˇCech-analytic spaces that was proved already by R.W. Hansell and S. Pan using
another method. We show that various absolute Borel classes are preserved by perfect mappings
generalizing a result of J.E. Jayne and C.A. Rogers who proved the same fact within metric spaces.
In fact, more general absolute descriptive classes and their stability with respect to perfect mappings
are investigated.
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Introduction
One of the main results of this paper says that perfect images of scattered-K-analytic
Tychonoff spaces are scattered-K-analytic if they are Tychonoff, answering a question of
R.W. Hansell.
* Corresponding author.
E-mail addresses: holicky@karlin.mff.cuni.cz (P. Holický), spurny@karlin.mff.cuni.cz (J. Spurný).
1 The first author was supported in part by grants GAUK 160/1999, GA ˇCR 201/00/1466, and MSM
113200007.
2 The other author was supported in part by grants GAˇCR 201/00/0767, GAUK 165/99, MSM 113200007.
0166-8641/03/$ – see front matter  2003 Published by Elsevier Science B.V.
doi:10.1016/S0166-8641(02)00356-5
282 P. Holický, J. Spurný / Topology and its Applications 131 (2003) 281–294
The notion of scattered-K-analytic spaces was introduced by R.W. Hansell in the
context of nonseparable Banach spaces in his fundamental preprint of 1989 published
only recently [5]. We refer the interested reader for the original definition to [5]. We shall
deal here with the fact that any Tychonoff scattered-K-analytic space can be described
equivalently as the result of the Souslin operation applied to resolvable sets of F. Hausdorff,
called also H -sets (see [9, §30, II], [15, Chapter 1, §12, II], or [14] for the terminology), in
its Stone– ˇCech compactification. This follows from [10, Theorem 3(b)], see also [4, 6.14
(d)] as we explain later.
In the same time we get an alternative simple proof of the result of R.W. Hansell and
S. Pan [8] saying that ˇCech-analytic spaces are preserved by perfect mappings. We use
the fact that ˇCech-analytic spaces are known, due to an unpublished note of D. Fremlin,
to be precisely the results of the Souslin operation applied to Borel sets in its Stone– ˇCech
compactification (see [12, Theorem 8.1] for both the original definition and the proof of
the mentioned characterization). Since we may equivalently apply the Souslin operation to
closed and open sets only to generate all these sets and since every closed or open set is a
resolvable set, we see that every ˇCech-analytic space is scattered-K-analytic.
These two classes of “analytic spaces” are generalizations of the well-knownK-analytic
spaces (see [3]). Let us recall that Tychonoff K-analytic spaces X can be equivalently
described as results of the Souslin operation applied to closed subsets of the Stone–
ˇCech compactification of X. Whereas all continuous images of K-analytic spaces are
K-analytic, the same does not hold for ˇCech-analytic spaces, as every discrete space A
is ˇCech complete and so ˇCech-analytic as well, and its continuous images are all spaces of
the cardinality less or equal to that of A. This explains our interest in perfect mappings that
form a natural subclass of continuous mappings.
We obtain results on stability of Borel classes with respect to perfect mappings,
generalizing a result of Saint-Raymond [21, Théorème 5] and even a more general result of
Jayne and Rogers [13, Theorem 1], to the nonmetrizable case. Let us remark that Rogers
and Jayne in [19, Section 5.9, Theorem 5.9.13] give also some related results on Baire
classes in compact topological spaces.
Moreover, it is shown that the previous assertions are just particular cases of results on
more general descriptive classes of sets and spaces. They are generated from elements of
the smallest algebra of sets containing closed and open sets, or from elements of the algebra
of resolvable sets of F. Hausdorff, respectively, using a transfinite sequence of “countable”
operations. These more general descriptive classes cover also various projective classes
etc.
Our results on the perfect images can be applied in a straightforward way to show that
the respective descriptive classes define absolute properties for Tychonoff spaces in the
sense that having the respective descriptive property in the Stone– ˇCech compactification
is equivalent to having the same property as a subspace of an arbitrary compact space (in
fact in a space of the same descriptive nature is also sufficient), or equivalently of being of
the respective descriptive nature in any Tychonoff space in which it is embedded.
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1. Basic notions and notationLet us recall that a closed continuous mapping f :X→ Y of a topological space X to a
topological space Y is called a perfect mapping if f−1(y) is compact for every y ∈ Y . It is
well known that every perfect mapping f of a Tychonoff spaceX onto a Tychonoff space Y
can be extended to a perfect mapping, again called f , of the Stone– ˇCech compactification
βX to any compact space containing Y as its subspace, and that f−1(Y )=X (see, e.g., [2,
Theorem 3.7.16]).
If F is a mapping with F(y)⊂X for every y ∈ Y , we say that F :Y →X is a set-valued
mapping of Y to X, and for each A⊂X we put F−1(A)= {y ∈ Y ; F(y)∩A 	= ∅}.
A set-valued mapping F of a topological space Y to a topological space X is called
upper semi-continuous (F is an usc mapping) if F−1(A) is closed in Y for every closed
subsetA ofX. If the valuesF(y) of an usc mapping are compact, we say that F is compact-
valued, shortly F is an usc-K mapping.
A well-known and easy observation is that the set-valued mapping f−1 :Y → X is an
usc-K mapping for a perfect mapping f :X→ Y .
We recall that the Hausdorff operation applied to a sequence of subsets Hn of a set X






It is not difficult to check that the union of countably many subsets of X, the intersection
of countably many subsets of X, as well as the Souslin operation applied to a countable
Souslin scheme of subsets of X can be written as a result of the Hausdorff operation for
suitably chosen D [15, Chapter 3, §38, XI].
If A is a family of subsets of a set X, we write S(A) for the family of all sets obtained
from A by the Souslin operation.
Let D = (Dβ ; β ∈ [0, κ)) be a transfinite sequence of set-theoretical operations,
indexed by ordinal numbers, each being either a Hausdorff operation or the operation of
taking the complement. For a familyA of subsets of a set X we define the descriptive class
D(A) as follows. The family D0(A) be just the results of D0 applied to elements of A.
Having Dγ (A) for γ < β < κ already defined, let Dβ(A) be the family of results of Dβ
applied to the elements of
⋃{Dγ (A); γ < β} if β is a limit ordinal and let Dβ(A) be the
family of results of Dβ applied to the elements ofDγ (A) if β = γ + 1. The resulting class⋃{Dβ(A); β < κ} will be called the descriptive class D(A).
By a sequence of operations defining a descriptive class we mean in what follows some
sequence D= (Dβ ; β ∈ [0, κ)) as above.
If X is a topological space, we denote by F(X) and G(X) the collections of all closed,
respectively open, subsets of X. We use (F ∧G)(X) to denote the family of all sets A⊂X
of the form A= F ∩G with F ∈ F(X) and G ∈ G(X). Similarly (F ∨ G)(X) stands for
the collection of sets of the form F ∪G with F ∈F(X) and G ∈ G(X).
The role of the class A will be played either by the smallest algebra alg(F(X)), which
contains all closed subsets of the topological space X, or by the algebraH(X) of resolvable
sets whose definition is recalled in the next section.
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If X is a topological space, it can be easily verified that the algebra alg(F(X)) coincides
with the family of all finite unions of sets from (F ∧G)(X), and also with the family of all
finite intersections of sets from (F ∨ G)(X).
If A is a family of sets, we use the standard notation Aσ for the family of all countable
unions of sets fromA, and Aδ for the family of all countable intersections of sets from A.
2. Classes generated from resolvable sets
Let X be a topological space. A set H ⊂ X is called a resolvable set or an H -set
if there are closed sets Fα, α ∈ [0, κ), for some even ordinal number κ such that H =⋃{Fα \Fα+1; α ∈ [0, κ), α is even}.
It is easy to observe that H ⊂ X is an H -set if and only if there is a decreasing
transfinite sequence of closed sets F0 = X ⊃ F1 ⊃ F2 ⊃ · · · ⊃ Fα ⊃ · · · ⊃ Fκ = ∅, such
that
⋂{Fα; α < λ} = Fλ for every limit ordinal λ ∈ [0, κ] (such a decreasing sequence
of closed sets will be called regular), and if there is an I ⊂ [0, κ) such that H =⋃{Fα \ Fα+1; α ∈ I }. Such a description of an H -set, is called a regular representation
of an H -set in what follows.
The family of all H -sets in X is denoted byH(X).
It is also not difficult to verify that H(X) is an algebra of subsets of X (see, e.g., [15,
Theorem 1, Chapter 1, §12, VI].
The differences Fα \ Fα+1, α ∈ [0, κ), for a decreasing sequence (Fα; α ∈ [0, κ]) of
closed sets, which define a regular representation of an H -set, form a partition of X. Such
a partition is called a scattered partition (see the definition of scattered families below) and
it is H(X)-additive, i.e., for every I ⊂ [0, κ), the union⋃{Fα \ Fα+1; α ∈ I } is in H(X).
Let us recall that a family S = {Sa; a ∈ A} of subsets of a topological space X is
scattered in the sense of [5, Lemma 2.1], if S is disjoint and any nonempty subfamily
H ⊂ S contains some H ∈ H which is open relative to ⋃H. We note that a scattered
partition defined above is equivalently a partition forming a scattered family of sets. If
A⊂ expX, then we use As to denote the collection of unions of all scattered families of
elements of A.
It is not difficult to verify that any scattered family {Fa ∩Ga; a ∈ A} with Fa closed
and Ga open in X for every a ∈A can be extended to form a scattered partition of X (i.e.,
that the family {Fa∩Ga; a ∈A} is “primitive” in the terminology of [1]). The proof can be
found in an unpublished manuscript [7, Lemma 2]. We indicate it here for the convenience
of the reader.
Lemma 0. Let S ⊂ (F ∧G)(X) be a scattered family in a topological space X. Then there
is a regular sequence (Fα; α ∈ [0, κ]), of closed sets such that S \ {∅} ⊂ {Fα \ Fα+1; α ∈
[0, κ)}.
Proof. We point out that, at each step of the following inductive construction, all the
constructed sets Fα fulfil that T ∈ S and T ∩Fα 	= ∅ implies T ⊂ Fα , and thus construction
may continue.
Put F0 = X. If λ is a limit ordinal and all Fα, α < λ are defined, then we put
Fλ =⋂α<λ Fα . If Fλ = ∅ put κ = λ. Let Fβ be defined for all β  α and Fα is non-
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empty. Consider the family S ′ = {S ∈ S; S ∩ Fα 	= ∅}. If S ′ = ∅ put κ = α + 1 and
Fα+1 = ∅. Let S ′ 	= ∅. Then there is a nonempty S ∈ S ′ such that S =⋃S ′ ∩US for some
open set US . Moreover, as S ∈ (F ∧ G)(X), there are sets FS ∈ F and GS ∈ G such that
S = FS ∩GS . Put Fα+1 = (Fα \US)∪ (Fα ∩FS) and Fα+2 = (Fα \US)∪ (Fα ∩FS \GS).
Then S = Fα+1 \ Fα+2, in particular S ∩ Fα+2 = ∅, and so we arrive to Fκ = ∅ for some
ordinal κ . It is not difficult to check that the constructed sequence Fα; α ∈ [0, κ], has the
desired properties. ✷
If S = {Sa; a ∈ A} is a scattered family of sets in a topological space X, due to [5,
Lemma 2.3] we can find a scattered family H = {Ha; a ∈ A} ⊂ F(X) ∧ G(X) such that
Sa ⊂ Ha, a ∈ A. Hence, according to Lemma 0, for H there exists a regular decreasing
sequence (Fα; α ∈ [0, κ]) of closed sets with the properties mentioned in the lemma.
Thus we get a regular sequence such that for every α ∈ [0, κ) there is at most one a ∈ A
with Sa ⊂ Fα \ Fα+1 if Sa 	= ∅, and such that for every a ∈ A there is an α ∈ [0, κ) with
Sa ⊂ Fα \Fα+1. This fact will be used throughout the paper without further reference.
Also, if D is a scattered family of subsets of X and ED is a scattered family in D for
every D ∈D, then {D ∩E; D ∈D, E ∈ ED} is scattered again [5, Lemma 2.2].
A Tychonoff space A is scattered-K-analytic if and only if A ∈ S((F ∧ G)s(βA)) [4,
6.14 (d)]. It follows from what was said above that (F ∧ G)s(X)=H(X).
Thus a Tychonoff space A is scattered-K-analytic if and only if A ∈ S(H(βA)).
Moreover, by [4, 6.14 (b)], a Hausdorff topological space A is scattered-K-analytic if and
only if A ∈ S(H(X)) for any Hausdorff space X containing A.
Lemma 1. Let X and Y be Hausdorff topological spaces and F be an usc-K mapping of
Y to X with nonempty values. Suppose further that Hn, n ∈N, belong to H(X).
Then there is a set-valued mapping S of Y to X such that
(a) S(y)⊂ F(y) is a nonempty compact subset of X for every y ∈ Y ,
(b) S−1(Hn)∩ S−1(X \Hn)= ∅ for every n ∈N, and
(c) S−1(Hn) ∈H(Y ) for every n ∈N.
Remark. Let us remark that every selection s of S, i.e., s :Y →X with s(y) ∈ S(y), fulfils
(b) and (c) of the above lemma and the set-valued mapping y → {s(y)} fulfils (a), (b),
and (c). So (a) may be improved by demanding that S(y) is a singleton in F(y).
Proof. Let Hn =⋃{Fnα \ Fnα+1; α ∈ In}, where In ⊂ [0, κn), be some regular representa-
tions of the sets Hn.
Now we define a sequence of set-valued mappings Sn, n ∈ N, by induction. Let us
denote S0 = F and let Sn−1 ⊂ F be already defined. For each y ∈ Y we put
Sn(y)= Sn−1(y)∩ Fnα
if α is the maximal ordinal in [0, κn) with Sn−1(y) ∩ Fnα 	= ∅. The existence of such an α,
i.e., α with
Sn−1(y)∩Fnα 	= ∅ and Sn−1(y)∩Fnα+1 = ∅ (∗)
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follows from the fact that Sn−1(y) is nonempty and compact, and from the properties of
the sequence (F nα ; α ∈ [0, κn]).
As Sn(y), n ∈N, are nonempty and compact, and as Sn(y)⊂ Sn−1(y)⊂ F(y) for every
y ∈ Y and n ∈N, we get that S(y)=⋂{Sn(y); n ∈N} ⊂ F(y) is nonempty and compact
for every y ∈ Y . So the just defined set-valued mapping S fulfils (a).
We have that
(i) S−1(Hn)⊂ S−1n (Hn),
(ii) S−1(X \Hn)⊂ S−1n (X \Hn), and
(iii) S−1n (Hn)∩ S−1n (X \Hn)= ∅.
The last relation follows from the facts that
S−1n (Hn)=
{





y ∈ Y ; (∃α ∈ [0, κn) \ In)Sn−1(y)∩ Fnα 	= ∅
and Sn−1(y)∩Fnα+1 	= ∅
}
.
Thus (b) is verified and it remains to verify (c). As S−1(Hn) ∪ S−1(X \Hn) = Y by (a),
the above relations (i), (ii), and (iii) imply that S−1(Hn)= S−1n (Hn). So it suffices to check
that S−1n (Hn) ∈H(Y ).
Let us first define inductively scattered partitions Dn, n = 0,1,2, . . . , of Y such that
the restriction of Sn to each D ∈ Dn is usc-K and Sn(D) ⊂ Hn or Sn(D) ∩ Hn = ∅ for
n ∈N and D ∈Dn. Let D0 = {Y } and
Dn+1 =
{
D ∩ (S−1n (Fn+1α ) \ S−1n (Fn+1α+1 )); α ∈ [0, κn+1),D ∈Dn}.
Notice now that S0 is usc-K on Y . Suppose that Dn is a scattered partition of Y and that
Sn is usc-K on each D ∈Dn relatively.
Then Dn+1 is a scattered family because the families{
D ∩ (S−1n (Fn+1α ) \ S−1n (Fn+1α+1 )); α ∈ [0, κn+1)}
are scattered for every D ∈ Dn by the assumptions that Sn is usc-K on each D ∈ Dn
and Dn is scattered if we use the fact on scattered partitions mentioned above. To check
that Dn+1 is a scattered partition, it remains to verify that it is a cover. Let y ∈ Y . As
Dn is a cover, there is a D ∈ Dn with y ∈ D. As Sn(y) is a nonempty compact set and
the family of all Fn+1α is a regular representation (of Hn+1), there is an α < κn+1 such
that Sn(y)∩Fn+1α 	= ∅ and Sn(y) ∩ Fn+1α+1 = ∅. This proves that y ∈ D ∩ (S−1n (Fn+1α ) \
S−1n (Fn+1α+1 )).




) \ S−1n (Fn+1α+1 )
and for y ∈Dn+1 we have Sn+1(y)= Sn(y)∩Fn+1α , which is an usc-K mapping on Dn+1.
Thence the inductive construction is concluded.
As Sn(Dn) ⊂ Hn or Sn(Dn) ⊂ X \ Hn for Dn ∈ Dn, we get S−1n (Hn) =
⋃{Dn ∈
Dn; Sn(Dn)⊂Hn} ∈H(Y ) and (c) is proved. ✷
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Lemma 2. Let S :Y →X be a set-valued mapping with S−1(X)= Y . Then the collection
M= {M ⊂X; S−1(M)∩ S−1(X \M)= ∅}
is closed to complements and to an arbitrary Hausdorff operation.
The equalities














for every D ⊂NN and M,Mn ∈M hold.
Proof. The collection M is closed to complements by the very definition, and S−1(X \
M)= Y \ S−1(M), M ∈M, follows using the assumption that S−1(X)= Y .
If Mα ∈M, α ∈ I , the equality S−1(⋃{Mα; α ∈ I }) =⋃{S−1(Mα); α ∈ I } holds
without any extra assumptions, and the equality S−1(
⋂{Mα; α ∈ I }) = ⋂{S−1(Mα);
α ∈ I } follows from the previous two ones, or it is also easy to verify it directly from
the definition of M.





































Y \ S−1(Mnk )







if Mn ∈M. This shows that the result of the Hausdorff operation is also in M if it is
applied to elements of M. ✷
Theorem 3. Let X and Y be Hausdorff topological spaces and F :Y →X be usc-K with
nonempty values.
If A ∈ S(H(X)) is such that F−1(A)∩ F−1(X \A)= ∅, then F−1(A) ∈ S(H(Y )).
Moreover, if A ∈ D(H(X)), where D is any sequence of operations defining a








with Hn1,...,nk ∈H(X). Let us consider the countably many sets Hn1,...,nk ∈H(X) and use
Lemma 1 for them. We get the set-valued mapping S ⊂ F with S(y) nonempty compact
for every y ∈ Y , with S−1(Hn1,...,nk ) ∈H(Y ), and with Hn1,...,nk ∈M, where
M= {M ⊂X; S−1(M)∩ S−1(X \M)= ∅}.
288 P. Holický, J. Spurný / Topology and its Applications 131 (2003) 281–294
By Lemma 2 the sets
⋂






S−1(Hn1,...,nk ) ∈H(Y ).
By Lemma 2 again, S−1(X \A)= Y \S−1(A). As S ⊂ F and F−1(A)∩F−1(X \A)=
∅, we have F−1(A)= S−1(A) and the first part of the theorem is proved.
The other part can be proved by transfinite induction. Let D = (Dα; α ∈ [0, κ)). In
a straightforward way it follows that for A ∈ Dα(H(X)) there are countably many sets
Hn ∈H(X) such that A ∈ Dα({Hn; n ∈ N}). Applying Lemma 1, we get an S such that
each Hn belongs to the set
M= {M ⊂X; S−1(M)∩ S−1(X \M)}.
Using further Lemma 2, we may check by transfinite induction again that F−1(A) ∈
Dα(H(Y )). ✷
The previous theorem gives us that the perfect mapping is in a sense quotient with
respect to the studied descriptive class. In fact we get this result for a bit more general class
of mappings.
Theorem 4. Let X and Y be Hausdorff topological spaces and f :X→ Y be a closed
surjective mapping with (nonempty) compact fibers f−1(y), y ∈ Y . LetD be any sequence
of operations defining a descriptive class.
Then B ∈D(H(Y )) if B ⊂ Y is such that f−1(B) ∈D(H(X)).
Proof. We may easily see that it follows from Theorem 3. It suffices to note that F = f−1
is usc-K with nonempty compact values by the assumptions on f . ✷
The following theorem enables to get interesting results on Tychonoff spaces A that are
of absolute class D(H) in the sense that A ∈ D(H(X)) whenever A is embedded into a
Tychonoff space X.
Theorem 5. Let D be a sequence of operations defining a descriptive class. A Tychonoff
space A is of absolute descriptive class D(H) if and only if A ∈ D(H(K)) for some
compact space K .
Proof. Let A be of absolute descriptive class D(H). Then it is in D(H(βA)).
For the converse implication, let A is in D(H(K)) for some compact space K .
By replacing K with AK , we may suppose that K is a compactification of A. Let
f :βA→K be the extension of the identity mapping on A. Thus f (βA \A)⊂ (K \A).
Since A= f−1(A), obviously A ∈D(H(βA)).
Let now Y be a Tychonoff space containing A. As in the previous paragraph, the
closure AβY is a compactification of A. Thus there exists a continuous extension g of
the identity mapping on A from βA onto AβY and g(βA \ A) ⊂ (AβY \ A). Since A =
g−1(g(A)), Theorem 4 gives A ∈ D(H(AβY )). Thus A ∈ D(H(βY )), and consequently
A ∈D(H(Y )). ✷
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Theorem 6. Let A and B be Tychonoff spaces and f :A→ B be a perfect mapping of A
onto B and D be any sequence of operations defining a descriptive class.
Then, if A is of absolute class D(H), its image B is also of absolute class D(H).
Proof. As f is perfect, it can be extended to a continuous mapping, again called f ,
of βA to βB with f−1(B) = A. By Theorem 5, A ∈ D(H(βA)), and by Theorem 4,
B ∈D(H(βB)). Applying finally Theorem 5 again, we get that B is of the absolute class
D(H). ✷
As a particular case, if D consists of a single Souslin operation, we obtain the positive
answer to R.W. Hansell’s question mentioned in the introduction. Although this result was
announced already in [4, Theorem 6.29], its proof has not appeared yet.
Corollary 7. If B is a Tychonoff space that is a perfect image of a Tychonoff scattered-K-
analytic space A, then B is scattered-K-analytic.
Remark. This remark is addressed mainly to readers interested in σ -fragmented Banach
spaces. Definitions needed throughout the remark can be found in the papers cited below.
Let us mention results related to Corollary 7 for the case when A is a subset of C(K)
and K is a compact space. Unless otherwise stated, we endow A with the topology of
pointwise convergence τp. Of course, as an important particular case we may consider a
subset A of a Banach space (X,w) endowed with the weak topology w. Let us recall that
X may be considered as the closed subspace of C(BX∗), with BX∗ the closed unit ball of
X and the weak topology coinciding with the topology τp restricted to X.
By [11, Theorem 6], a subset A of (C(K), τp) is scattered-K-analytic if and only if
A is norm-Souslin and the topology of pointwise convergence is σ -fragmented by the
sup-norm. In fact, the necessity follows by [10, Theorem 5] and Namioka’s result [16,
Theorem 1.2], the sufficiency was proved in [5, Theorem 1.11].
For the rest of this remark, suppose that K,L are compact spaces and B ⊂ (C(L), τp)
is a perfect image of A⊂ (C(K), τp).
Due to the results mentioned above and Corollary 7, we get that B is norm-Souslin and
σ -fragmented if A is norm-Souslin and σ -fragmented.
The following closely related interesting result was proved by R.W. Hansell. If the
assumption on A to be norm-Souslin was omitted in the above statement, we get still thatB
is σ -fragmented. Indeed, if A⊂ C(K) is an arbitrary set that is σ -fragmented by the norm,
then the topology of pointwise convergence has a σ -scattered network [5, Theorem 1.11].
By [7, Theorem], the perfect image B of A has a σ -scattered network consisting of
F ∧ G sets, and finally B is σ -fragmented by [5, Theorem 1.11] again. (Let us note that
R.W. Hansell brought to our attention a paper of J. Chaber who proves in [1, Theorem 2B]
that regular spaces admitting a “σ -primitive” network are preserved by perfect mappings. It
follows from [7, Lemma 2], or from our remark above, that σ -scattered families of F ∧ G
sets are σ -primitive. Since regular spaces admitting a σ -scattered network admit also a
σ -scattered network consisting of F ∧ G sets [7, proof of Theorem], Hansell’s result [7,
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Theorem] on perfect images recalled above may be also derived from [1, Theorem 2B]
using those two just mentioned facts.)
If the image B of a σ -fragmented set A is assumed to be norm-Souslin, then B is
scattered-K-analytic due to [7, Theorem] and [5, Theorem 1.11] again. In particular, a
Banach space (Y,w), which is a perfect image of a scattered-K-analytic Banach space
(X,w), is scattered-K-analytic. Of course, this immediately follows from Corollary 7.
3. Classes generated from closed and open sets
For sets more restrictive than H -sets, namely for closed (or open) sets, or elements of
the smallest algebra alg(F(X)) containing closed subsets of a topological space X, we
reformulate our Lemma 1 in a stronger and more general way.
Lemma 8. Let A(Y ) be an algebra of subsets of Y and Hn ∈ alg(F(X)) of a topological
space X for each n ∈ N. Suppose further that F :Y → X is a set-valued mapping with
F(y) a nonempty compact set for every y ∈ Y and such that F−1(H) ∈ A(Y ) for every
H ∈F(X).
Then there is an S :Y →X such that
(a) S(y)⊂ F(y) is a nonempty compact subset of X for every y ∈ Y ;
(b) S−1(Hn)∩ S−1(X \Hn)= ∅;
(c) S−1(Hn) ∈A(Y ).
Remark. Notice that, as in Lemma 1, every selection s of S, i.e., s :Y → X with
s(y) ∈ S(y), fulfils (b) and (c) of the above lemma and so S can be found with S(y) being
singletons for all y ∈ Y .
Proof. Every set Hn can be described as a finite union of intersections of closed and open
subsets of X, i.e., Hn = (F n1 ∩ Gn1) ∪ · · · ∪ (F nkn ∩ Gnkn), where Fni are closed and Gni
are open sets in X for i = 1, . . . , kn. For i = kn + 1, . . . ,2kn, set Fni =X \Gni−kn . Having
S :Y →X fulfilling (a) such that S−1(F ni ) ∈A(Y ) and each Fni belongs to the familyM=
{M ⊂X; S−1(M) ∩ S−1(X \M)= ∅}, we may use Lemma 2 to see that also (b) and (c)
are fullfiled. So we may and shall suppose without loss of generality that each Hn is closed.
We put Fn0 =X,Fn1 =Hn, and Fn2 = ∅. The same construction of Sn’s as in Lemma 1
above leads to the following result.
We have S0 = F and Sn(y)= Sn−1(y)∩Hn if Sn−1(y)∩Hn 	= ∅ and Sn(y)= Sn−1(y)
otherwise.
Now (a) and (b) follow as in the proof of Lemma 1. We may show by induction that
S−1n (H) ∈ A(Y ) for every closed subset H of X. As F = S0 has that property by our




)∪ (S−1n (H)∩ (Y \ S−1n−1(Hn)))
= (S−1n−1(H ∩Hn)∩ S−1n−1(Hn))∪ (S−1n−1(H)∩ (Y \ S−1n−1(Hn))) ∈A(Y )
if H ∈F(X).
P. Holický, J. Spurný / Topology and its Applications 131 (2003) 281–294 291
To prove (c) we note first that S−1n (Hn)= S−1(Hn) by (b) and S(y)⊂ Sn(y) for every
y ∈ Y . Thus for every closed subset H of X we get S−1(Hn)= S−1n (Hn) ∈A(Y ) and this
concludes the proof. ✷
Now we may deduce the following corollaries of Lemma 8 in the way analogous to that
we used to deduce Theorems 3, 4, 5, 6 from Lemma 1 in Section 2.
Applying Lemmas 8 and 2 we get
Theorem 9. Let X be a Hausdorff space and Y be a set with an algebraA(Y ) of its subsets
and F :Y →X be usc-K with nonempty values.
If A ∈ D(alg(F(X))), where D is any sequence of operations defining a descriptive
class, and F−1(A)∩ F−1(X \A)= ∅, then F−1(A) ∈D(A(Y )).
Theorem 10. Let X and Y be Hausdorff topological spaces, D be any sequence of
operations defining a descriptive class, and f :Y → X be a closed surjective mapping
with (nonempty) compact fibers f−1(y), y ∈ Y .
Then B ∈D(alg(F(Y )) if B ⊂ Y is such that f−1(B) ∈D(alg(F(X))).
By saying that a Tychonoff space A is of absolute class D(alg(F)) we mean that
A ∈ D(alg(F(X))) for every Tychonoff space X containing A as a subspace. From
Theorem 10 we obtain an important characterization of Tychonoff spaces that are of
absolute class D(alg(F)). Its proof, as the proof of Theorem 12, is essentially the same
as proofs of Theorems 5 and 6. Just follow them word by word with replacing D(H) by
D(alg(F)).
Theorem 11. Let D be any sequence of operations defining a descriptive class. Then A is
of absolute descriptive classD(alg(F)) if and only ifA ∈D(alg(F(K))) for some compact
space K containing A.
We get that our absolute descriptive classes are preserved by perfect mappings.
Theorem 12. Let A and B be Tychonoff spaces and f :A→ B be a perfect mapping of
A onto B . Let D be any sequence of operations defining a descriptive class. If A is of
absolute class D(alg(F)), then B is of the same absolute class.
Remark. Let us notice that the sequence D of operations can be chosen such that
D(alg(F))= alg(F), and thus, as particular cases of Theorems 11 and 12, we obtain the
relevant results for the algebra alg(F) of Borel sets.
Since the Souslin operation is a particular case of the Hausdorff operation, the previous
theorem is a generalization of the following result of Hansell and Pan in [8].
Corollary 13 (R.W. Hansell, S. Pan). Let f be a perfect mapping of a Tychonoff space A
onto a Tychonoff space B . Then B is ˇCech-analytic if A is ˇCech-analytic.
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The rest of the paper is devoted to the study of two particular Borel hierarchies of
Borel sets, the hierarchy of additive and the hierarchy of multiplicative classes defined
in such a way that they coincide with the standard definitions in metric spaces (cf. [13,
Introduction]). Two alternative hierarchies of Borel classes are introduced in [5, Section 3]
which also fit into our scheme of descriptive classes for α  1.
The Borel sets of additive, or multiplicative, class one are just the countable unions,
or intersections, of elements of alg(F(X)). For 1 < α < ω1 the Borel sets of additive, or
multiplicative, class α are just the unions, or intersections, of countable families of sets
each being of a lower additive or of a lower multiplicative class.
We write Aα(X), or Mα(X), for Borel sets of additive, or multiplicative, class α.
Let us remark that, due to the fact that the family alg(F(X)) is an algebra of sets,⋃
α<ω1
Aα(X) =⋃α<ω1 Mα(X) is the σ -algebra of all Borel subsets of X. Obviously,
alg(F(X))σ =Fσ (X) and alg(F(X))δ = Gδ(X) if X is a metric space. Therefore the Borel
classes defined above coincide with the classical ones in metric spaces.
In correspondence with the absolute descriptive classes defined above, we say, for
1 α < ω1, that a Tychonoff spaceA is an absolute Borel set of additive, or multiplicative,
class α if it is of the same class whenever it is topologically embedded in a Tychonoff
space.
Since the previous definition of Borel classes is a particular case of a descriptive
class D(alg(F(X))), Theorems 11 and 12 imply the following results. Both these results
were proved for the particular class M1 by finding an internal characterization in [18,
Theorem 3.1 and Proposition 3.5] and the first result was proved for the σ -algebra of
all absolute Borel sets in [17, Corollary 4.7]. Moreover, the method of the proof of [17,
Theorem 4.6] gives the assertion of Corollary 14 for some particular Borel classes.
Remark. We should note that the classes Aα and Mα, α  1, defined in [17, Defini-
tion 1.1] coincide with our additive and multiplicative classes defined above. We need to
realize a few easy facts.
The algebra alg(F(X)) coincides with the collection of all finite unions of elements of
(F ∧ G)(X) and it also coincides with the collection of all finite intersections of elements
of (F ∨ G)(X). So alg(F(X))δ = (F ∧ G)σ (X) and alg(F(X))δ = (F ∨ G)δ(X).
We may easily check that
(a) Aα ⊂Aβ and Mα ⊂Mβ for 1 α  β < ω1;
(b) Aα ⊂ (Mα)σ and Mα ⊂ (Aα)δ for α ∈ [1,ω1);
(c) Aα = {⋃n∈NMn; Mn ∈Mβn, βn < α} for α ∈ [2,ω1) and similarly
Mα = {⋂n∈NAn; An ∈Aβn, βn < α} for α ∈ [2,ω1);
(d) both Aα andMa are closed to finite unions and finite intersections.
So each set of the form A=⋃n∈N(An∩Mn), with An ∈Aβn, Mn ∈Mβn, and βn < α,
belongs to Aα as all the intersections An ∩Mn belong to Aβn+1 ⊂Aα by (a), (b) and (d).
Similarly for the multiplicative class α ∈ [1,ω1).
P. Holický, J. Spurný / Topology and its Applications 131 (2003) 281–294 293
Corollary 14. Let 1  α < ω1. Then a Tychonoff space A is an absolute Borel set of
additive, or of multiplicative, class α if and only if A is a Borel set of additive, or of
multiplicative, class α in some compact space containing A.
The next corollary is a generalization of [13, Theorem 1], where the same result was
proved just for the metric spaces A and B .
Corollary 15. Let f be a perfect mapping of a Tychonoff space A onto a Tychonoff space
B and 1 α < ω1. Then A is an absolute Borel set of additive, or multiplicative, class α
if and only if B is an absolute Borel set of additive, or multiplicative, class α.
Proof. The more difficult “only if” part is a consequence of Theorem 12. The “if” part
follows by considering a continuous extension g of f to a continuous mapping of βA onto
βB with g−1(B)=A and then by applying Corollary 14. ✷
In fact, the result of J.E. Jayne and C.A. Rogers is stated in terms of absolute Borel
metric spaces, i.e., the metric spaces which are of a particular additive, or multiplicative,
class whenever they are topologically embedded in a metric space. In order to justify that
Corollary 15 is really a generalization of their result, we need the following assertion.
Remark. We are grateful to the referee for drawing our attention to [6,22]. Except of the
class A1 the statement of our claim is covered by results of these papers. More precisely,
Corollary 1.4 of [22] covers the cases of even additive and odd multiplicative classes and
the Main Theorem of [6] covers the cases of even multiplicative classes and of additive
classes Aα, α > 1, for α odd.
Claim. If B is a metric space that is a Borel subset of additive, or multiplicative, class
α ∈ [1,ω1) in any metric space in which it is embedded, then B is of the same absolute
Borel class in every Tychonoff space containing B (i.e., B is an absolute Borel set of
additive, or multiplicative, class α).
Proof. First, we proof the fact for the additive class one. Let B be an absolute Borel set of
additive class one, i.e., B is an Fσ -set in every metric space containingB . According to the
characterization of A.H. Stone (see [20, Theorem 2]), B can be expressed as the countable
union of some locally compact subspaces Bn,n ∈N. Let K be a compactification of B . It
is enough to prove that every Bn is contained in (F ∧G)σ (K). Fix an n ∈N. There exists a
σ -discrete base B of Bn [15, Chapter 2, §21, Corollary 1a]. Since Bn is locally compact, we
may suppose that every set U ∈ B is relatively compact in Bn. Thus B = {UBn : U ∈ B} is
a σ -(relatively) discrete cover of Bn by compact subsets of Bn. Now Bn is in (F ∧G)σ (K)
by [5, Lemma 3.3(a)], and the same holds about B . Indeed, let us write the cover B as the
union of discrete families Bk, k ∈N, of compact sets. Let k ∈N be fixed. For every L ∈ Bk
we may find an open set UL ⊂K such that L⊂ UL and UL ∩⋃{M; M ∈ Bk} = L. It is
not difficult to check that
⋃Bk = F ∩U , where U =⋃{UL: L ∈ Bk} and F =⋃BkK .
Let us now suppose that A ∈ Aα(cA) for some α ∈ [2,ω1) or that A ∈Mα(cA)
for some α ∈ [1,ω1), where cA is a metric completion of A. Considering a topolog-
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ical compactification K of cA, we have cA ∈ Gδ(K). So cA belongs to the family
(alg(F (K)))δ =M1(K) and it is easy to check that A is an intersection of cA and of
a subset of K that belongs to Aα(K), or to Mα(K), respectively. ✷
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